Certain classes of automorphisms of reduced amalgamated free products of C { algebras are shown to have Voiculescu{Brown topological entropy zero. Also, for automorphisms of exact C {algebras, the Connes{Narnhofer{Thirring entropy is shown to be bounded above by the Voiculescu{Brown entropy. These facts are applied to generalize St rmer's result about the entropy of automorphisms of the II 1 {factor of a free group.
x1. Introduction.
Kolmogorov's entropy invariant was extended by Connes and S rmer 5] to an invariant h ( ) for an automorphism of a von Neumann algebra with a given normal faithful tracial state which is preserved by the automorphism. One of the several results about the Connes{ St rmer entropy (see 11] for a survey) is St rmer's result 10] that the free shift on L(F 1 ) has entropy zero. Here L(F 1 ) is the II 1 {factor de ned by the left regular representation of the free group F 1 on countably in nitely many generators. More generally, St rmer's theorem states that the entropy of is zero whenever is the automorphism of L(F 1 ) induced by a permutation of the generators of F 1 that has neither xed points nor nite cycles; the free shift is the automorphism where, when the generators of F 1 are indexed by the integers, corresponds to the shift n 7 ! n + 1. The Connes{St rmer entropy was extended by Connes, Narnhofer and Thirring 4] to an invariant, generally referred to as the CNT{entropy and denoted h ( ), for an automorphism of a unital C {algebra A with respect to an {invariant state of A. Theorem VII.2 of 4] shows that given an automorphism of a C {algebra A preserving a state , if M is the von Neumann algebra generated by the image of A under the GNS representation of , if and are the canonical extensions of and to M, then h ( ) = h ( ). (Their theorem is stated only for nuclear A and hyper nite M, but their proof applies generally.) 1991 Mathematics Subject Classi cation. 46L55.
Typeset by A M S-T E X 1 A noncommutative topological entropy was invented by Voiculescu 14] for automorphisms of nuclear C {algebras; N. Brown 2] extended it to handle automorphisms of exact C {algebras. This Voiculescu{Brown entropy of an automorphism is denoted ht( ). Voiculescu proved that if is an automorphism of a unital nuclear C {algebra A and if is an {invariant state then h ( ) ht( ). Here we show (Proposition 9) that the same inequality holds when A is a unital exact C {algebra.
In 7], we proved that every reduced amalgamated free product of exact C {algebras gives an exact C {algebra. In this note, we build upon that proof to show that certain classes of automorphisms of C {algebras arising as reduced amalgamated free products have zero topological entropy.
The following section is the main part of the paper and contains the results and their proofs. At the end of it are two questions.
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x2. Entropy of Automorphisms. Theorem 1. Let B be a nite dimensional C {algebra, let I be a set and for every 2 I let A be a nite dimensional C {algebra containing B as a unital C {subalgebra and having a conditional expectation : A ! B whose GNS representation is faithful. Let (A; ) = 2I (A ; ) be the reduced amalgamated free product of C {algebras and denote the embeddings arising from the free product construction by : A , ! A. Let be a permutation of I such that for every 2 I there is a {isomorphism : A ! A ( ) such that (B) = B and ( ) = where B is simply a copy of B considered as a Hilbert B{module with denoting the identity element of B. There is then a unitary V J : E ! E (J ) B E(J) given by erasing parenthesis and absorbing , analogous to the unitary E ! E B E( ) in Voiculescu's construction of the reduced amalgamated free product; this unitary provides an embedding i (J ) : L(E (J ) ) ! L(E) given by i (J ) (x) = V J (x 1)V J , which then satis es that (J ) i (J ) is the identity on L(E (J ) ).
Moreover, note that i (J ) takes a reduced word considered as an element of A (J ) to the same reduced word considered as an element of A. Hence A (J ) is embedded into A via i (J ) , and (J ) provides a conditional expectation from A onto the embedded copy of A (J ) . Let ! W be a nite set of reduced words and let > 0; we will nd an upper bound for rcp( ; !; ). Let q be the maximum of the lengths of the words belonging to ! and let J be the alphabet for !, which is thus a nite set. Given k 2 N, consider the complemented 
Given the nature of our automorphism , for every n 2 N the maximum length and the maximum norm of words belonging to
are the same as for !, and we may choose k = k 0 (q; ) as for ! above. However, the alphabet J n of the set of words (2) is equal to J (J) n?1 (J), and thus jJ n j njJj. But the existence of the isomorphisms preserving conditional expectations implies that dim(E ( ) ) = dim(E ), and hence d(J n ) = d(J). Hence we have the estimate
As the upper bound grows subexponentially in n, the estimate implies (1) .
We now list as corollaries some particular sorts of automorphisms to which the above theorem applies. First we have free products of automorphisms, which correspond to when the permutation in Theorem 1 is the identity. suppose that the automorphism B of B is the same for all 2 I. Let = 2I 2 Aut(A); by this we mean that is the automorphism of A that when restricted to the naturally embedded copy of A in A is . Then ht( ) = 0.
Next we have the free shifts and their analogues for general permutations.
De nition 3. If (A; ) = 2I (A ; ) is a reduced amalgamated free product of C {algebras, where each (A ; ) is a copy of a xed pair (D; ) of a unital exact C {algebra D and a conditional expectation from D onto a unital C {subalgebra B having faithful GNS representation, and if is a permutation of the index set I, then what we call the corresponding free permutation is the automorphism of A sending the embedded copy of A in A identically to the embedded copy of A ( ) in A, for every 2 I. We say that the pair (D; ) has the ZEFP property (with respect to ht) if ht( ) = 0 whenever is a free permutation of a free product of some copies of (D; ).
The acronym ZEFP is for \zero entropy free permutation." Proof. First suppose that the inclusion is unital. By the main result of 1], the free product of jIj copies of (D; ) embeds in the free product of jIj copies of ( e D;~ ). Let be a permutation of I, let be corresponding free permutation of the free product of jIj copies of (D; ) and let e be the free permutation of the free product of jIj copies of ( e D;~ ). Then is the restriction of e . As the Voiculescu{Brown topological entropy is monotone 2, 2.1], we have ht( ) = 0; hence (D; ) has the ZEFP property. (i) (T; 1 ) where T is the Toeplitz algebra, which is generated by a nonunitary isometry v, and where 1 is the state on T satisfying 1 (vv ) = 0;
(ii) (O 1 ; ) where O 1 is the Cuntz algebra 6], which is generated by isometries s 1 ; s 2 ; : : : having orthogonal ranges, and where is the state on O 1 such that (s j s j ) = 0 for all j;
(iii) (O n ; n ), with n 2 N, n 2, where O n is the Cuntz algebra 6], which is generated by isometries s 1 ; : : : ; s n , whose range projections sum to 1, and where, for any choice of 1 ; : : : ; n 2 0; 1] such that 1 + n = 1, n is the state on O n given by n (s i 1 s i 2 s i k s j` s j 2 s j 1 ) = i 1 i 2 i k if k =`; i 1 = j 1 ; : : : ; i k = j k 0 otherwise;
(iv) (O 1 ; 1 ) where O 1 is generated by isometries s 1 ; s 2 ; : : : having orthogonal ranges and where for any choice of 1 ; 2 ; : : : 2 0; 1] such that P 1 1 j 1, 1 is the state on O 1 satisfying (3); (v) (C(T); ) where T is the circle and where the state is given by Lebesgue measure on T.
Proof. For (i), let D 1 = C C with minimal projection p 2 D 1 and let 1 be the state on D 1 such that 1 (p) = 1=2; let D 2 = M 2 (C) with a system of matrix units (e ij ) 1 i;j 2 in D 2 and let 2 be the state on D 2 so that 2 (e 11 ) = 1. Let ( e D;~ ) = (D 1 ; 1 ) (D 2 ; 2 ). Considering the unitary u = 1?2p 2 D 1 , we see that L 2 (D 1 ; 1 ) has orthonormal basis f d 1 D 1 ;ûg; moreover, L 2 (D 2 ; 2 ) has orthonormal basis f d 1 D 2 ;ê 21 g. Therefore, L 2 ( e D;~ ) has orthonormal basis f g fû;û ê 21 ;û ê 21 û;û ê 21 û ê 21 ; : : : g fê 21 ;ê 21 û;ê 21 û ê 21 ;ê 21 û ê 21 û; : : : g; where = c 1 e D ; moreover,~ is the vector state associated to . Let v = e 21 ue 22 + e 11 ue 21 2 e D. Then v is an isometry satisfying v : 7 !û ê 21 u ( ) 7 !û ê 21 û ( ) e 21 ( ) 7 !ê 21 û ê 21 ( ):
Thus the C {subalgebra of e D generated by v is isomorphic to T and, as is orthogonal to the range space of v, the restriction of~ to the copy of T is the state 1 described in (i). Now Corollary 5 and Proposition 6 imply that (T; 1 ) has the ZEFP property.
Note that (ii) is a special case of (iv). However, for future reference we would like to point For every k 2 f1; : : : ; ng, let s k = f k0 e 01 2 e D. Then s k s k = p and s k s k = f kk . In p e Dp, s 1 ; : : : ; s n are isometries with range projections summing to p, so they generate a copy of O n in e D with identity element p and to which the conditional expectation~ restricts to a state, n (when Cp is identi ed with C). It is clear that n (s j s j ) = j ; in order to see that (3) holds, one can argue by induction on k and use freeness. Now Corollary 5 and Proposition 6 imply that (O n ; n ) has the ZEFP property.
The proof of (iv) is similar to the that of (iii), but taking D 2 to be the unitization of the C {algebra, K, of compact operators on separable in nite dimensional Hilbert space. Letting (f ij ) i;j 0 be a system of matrix units for K, embed e B in D 2 by identifying 1 ? p and f 00 , and let 2 : D 2 ! e B be the conditional expectation given by 2 (1) = 1 2 (f jj ) = j p (j 1) 2 (f 00 ) = 1 ? p:
Then letting s j = f j0 e 01 , (j 1) we have s j s j = p and s j s j = f jj ; hence fs 1 ; s 2 : : : g generates a copy of O 1 in p e Dp, to which the restriction of~ is seen to be 1 as described in (iv) above.
For (v), it is only required to apply Corollary 5 and Proposition 6 after noting that the choice of an in nite order element in the group Z 2 Z 2 , (the free product of the two{element group with itself), gives rise to an canonical trace preserving embedding of the reduced group C {algebra C r (Z) = C(T) in the reduced group C {algebra C r (Z 2 Z 2 ), which in turn arises as the reduced free product (C r (Z 2 Z 2 ); Z 2 Z 2 ) = (C r (Z 2 ); Z 2 ) (C r (Z 2 ); Z 2 ) of nite dimensional C {algebras. Proof. As mentioned in the proof of 7(ii) above, O 1 is the free product of countably in nitely many copies of (T; 1 ) as in 7(i), indexed by Z. The free shift on O 1 , namely , is the free permutation corresponding to translation of the index set Z. We get ht( ) = 0 because (T; 1 ) has the ZEFP property. ; this is by 4, III.6(a,c)] bounded above by H 0( ), which is log rank(D). We may choose (D; ; ) so that rank(D) rcp( ; !; 4 ); indeed, had we not required and to be unital, we could have chosen (D; ; ) so that rank(D) = rcp( ; ! (!) n?1 (!); ), but as 1 2 Proof. Let be the tracial state on L(F 1 ). Combining Example 7(v) with Proposition 9, we nd that the CNT{entropy h ( r; ) is zero, where r; is the automorphism of C r (F 1 ) arising from the permutation of the generators of F 1 and where is the unique tracial state on C r (F 1 ). But h ( r; ) is equal to the CNT{entropy (hence, to the Connes{St rmer entropy) of the corresponding automorphism of L(F 1 ).
The following question is quite natural. Support for a positive answer to Question 11 is provided by St rmer's result 12] that if D is any unital C {algebra and is any state on D (with faithful GNS representation), then letting (A; ) be the free product of in nitely many copies of (D; ) indexed by a set I, letting be a permutation of I without cycles and letting be the corresponding free permutation of A, the CNT{entropy h ( ) of with respect to the free product state is zero. Question 12. Given a reduced free product of C {algebras (A; ) = (A 1 ; 1 ) (A 2 ; 2 ), with dim(A 1 ) 2 and dim(A 2 ) 3 and where 1 and 2 faithful states, is there an automorphism 2 Aut(A), such that 0 < ht( ) < 1 ?
It may be especially interesting to restrict the above question to the case when the states 1 and 2 are traces. A rst example to consider might be (A; ) = (C r (Z 2 ); Z 2 ) (C(X); X ), where X is the compact Hausdor space obtained as the product of in nitely many two{ element spaces and where X is the state given by the product of uniform measures. Now take 2 Aut(A) to be = id C r (Z 2 ) where is the Bernoulli shift. Then ht( ) ht( ) = log 2. Is ht( ) nite?
Note, however, that it is easy to nd a reduced amalgamated free product of C {algebras (A; ) = (A 1 ; 1 ) (A 2 ; 2 ) with A non{nuclear and 2 Aut(A) with 0 < ht( ) < 1. Indeed consider abelian C {algebras A i = C(T) C(X), for some compact Hausdor space X; let B = 1 C(X) A i and let i : A i ! B be the slice map obtained from Haar measure on T; then A = C r (F 2 ) C(X). Let = id C (F 2 ) 2 Aut(A), where is an automorphism on C(X) having strictly positive and nite topological entropy. By properties of the Voiculescu{ Brown topological entropy 2], we have ht( ) ht( ) ht(id C r (F 2 ) ) + ht( ) = ht( ).
